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Outline o

e Tree level scattering; \
» Perturbiner method in flat space; X, 4
e Scalars, Gluons, Gravitons; \‘;
e Curved backgrounds: (Anti) de Sitter; a.l Y
e Loop amplitudes; 3 )
1)
/
If you know how to derive an equation of motion, ,!/
Goal

then you know hOW to compute ree 1€V€1 scattering!




Scattering amplitudes

e Main observables in QFT.

e Perturbation theory:
« Tree level (classical).

« Loops (quantum).

e Different techniques: Feynman diagrams, BCFW, CHY, etc.

e Here I will mostly focus on trees.




Tree graphs and classical fields Boutware & Brown

Textbook result: ¥ r
oL oL
8 _ — = O — + + +... L%
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L | F ,
[s there a way to make this easier? ;

Tree diagrams are recursive by nature®.

*as long as one leg is off-shell.



NEXT SLIDES MIGHT BE A BIT BORING BUT IMPORTANT!



Classical multiparticle solutions
Asawarmup: [ = %(I)D(I) + %(I)2 + %(I)?’

Equation of motion: ([ -+ mQ)(I) — —%(I)Q
Free case (A=0): (I)(SU) = ¢ et and k?*= m?

Multiple free particles: @ (x) = Z O otkp-
p



[t turns out we can solve the full e.o.m. recursively.
(O+m?)d = — 202

e For example, take: ®(z) = @1 ™% 4 ¢y 727 4 19 eF127

(O+m?)® = (m® —k{)pr €™ + (m* — k3)og =7
+( 2 . 2 )¢12 eiklg-zc
(1)2 _ 2¢1¢ e@klg T + ¢2 21k -x + @2 2iko-x
e We have a solution if:  ¢12 = (k%;mz)%qﬁz b7 = ¢3 =



This solution generalizes to any number of single-particle states:
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e P denotes a ordered “word” formed by single particle labels. Y
Ex: P=3 P=2 P=123, P=379, P — 1467
* The operation P=QUR is called a deshuffle.

Ex: P=25 — (Q,R)

{(2,5).(5,2)}
P=123 — (Q.R)={

(1,23),(2,13),(3,12), (23,1), (12, 3), (13,2)}



So what?! Where are the promised tree level amplitudes??

They are already there, waiting to be harvested. ¢
o - |3 4
As = ¢1(s23 — m*) o3 | 7 / 3 ),
= AO10203 >—< I X f
/ 7 4 Z RN
7 4 ‘
Ay = 01(s231 — m7) o34 | f
= A01(02034 + 03024 + Q1023) {/
. ] 1 1 P 4
’ 7 = A 01020304 ((812 —m2) T (813 —m?) i (514 — m2)>
N



Therefore, the multiparticle “currents” recursively defined via e.o.m.

(I)(ZF) _ Z (“jP ez'kp-lz

P

| 1 A e o
op = PQPr
2 (sp — m?) PZQ:UR

can be used to compute n-point tree level amplitudes:

A’n, — lim §b1(82...n — m2)¢2...n

So 5, —m?

OBS: No Feynman rules, tracking down factors, combinatorics, signs, ...



STARTING TO GET INTERESTING!



Classical multiparticle solutions: gluons

Equations of motion: 0“F,, = (A", F,.] X/
Fo = 0uA, —0,A, —i[A, A P

Compared to the scalars discussed, there are two main differences: | }

1) Quartic interactions:

OA, = 2i[A%,0,A,] — i[AY,9,A,] + [[A. A], A”] /'
+0,(0"A)) —ilA,, (0"A))] A
2)And?



The gauge symmetry can be used to set the Lorenz gauge
0'"A, =0

such that the e.o.m. we have to solve is simply

A, = 20[A”,0,A,) — i[AY. 0, A,) + [, AL, A

e Free case: HA, = 0 with k. k" =k, =0
tk-x
Au(x) = e€ue Se, = ki
e Multiple free gluons: A (z) = Z S
p



And just like in the scalar case, we can have multiparticle solutions: -

A=Y Apefws
P

7
kP

Sp

e The

operation P=QURUS is also a deshuffle,

kP 4.

P1
2
kp

e

0
Ap

a simple extension of P=QUR.

e This is closer to the original perturbiner formulation.
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+SP Z AQ: AR, Asy ] \ /

P=QURUS \

Berends-Giele currents®, &

1987

Rosly & Selivanov
1996-1997 -



I

Ay = — [AS, (2kpy Ay — kR ARy)]
For P=12, we have: = 512 12%:%3 . S f
1 L Y
+— >, (A5 [AR As ‘
12 10_QURUS
8
’A 1 1 L A 1/ A L *. l
Ay = 5 ([, (2havey — kyen)] + (&5, (2hivey — Kier,)]) <]
1 [
+— M] \/
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The three point amplitude is simply the three gluon vertex: %y
',
A(L, 2.8 = Il Tl"[Egy,(Sm.AﬁLQH :f/
312—>0 ¢ M

o Jabe {[(k2 = k3) - €7](e3 - €5) + cye(1,2,3) }




For P=123, we have:

Alag = 5193 — [ ATy, 2kavey — kjes,) + [e5, (k12 A7y — Ko A12,)] 7
1
+——[€7, €5, €3, ]] + permutations(1, 2, 3) ¢
5123 XA
The first line leads to exchange diagrams, while the second is the =/ J,

contact (four-point) one.

A(1,2,3.4) = lim Trles,(s123A793)] =

‘-?123—>0




What I presented so far are called “colour-dressed” perturbiners.

The are also “colour-stripped” perturbiners: A*(z) =) Ape*r 1"
P

They lead to partial amplitudes, with a very rich structure.

Much easier to obtain computationally, and order matters.

Instead of deshuffles, we have so-called deconcatenations.




Classical multiparticle solutions: gravitons

e Gravity is a whole different matter.

e Einstein field equations: R, — i R =RkKT
q ’ 0 59puvit — Ry

e Gravitons: g,u,;/ — g,u,u + h‘,u,l/

e Infinity number of vertices! How to even define a recursion?



There is an elegant solution to this problem.

Suppose there exists a perturbiner for gravity:

-
v () = N + Z Hppe™ "™ k".

P XA

Now consider the inverse of the metric, satisfying: 979 = 0}, e

’ ying x;‘

L |

Then, we can take ¢""(z) =n"" — Z 157 e""P* and find a solution: L
P )

This way we can avoid the infinity number of vertices in gravity.

1" L it

]
L
k!
i,

J
15 = 00" Hppo =07 > 1 Hrpo v



A taste of the solution (from oo to 5):

s . . 3
TPHPW/ - Z Iga(zk:PpFR;.H/O' - szPJ/FRy.pO') + ?70: T]pa (FQJ/Q:O'FR,u.pﬁ - FQpaaFRm/ﬂ)
P=QUR \ 1
3 >
+ Z 770% Igg (FR,OQUFSW/B + FRCX{JﬁFSMVG - FRJ/,OBFSMQ‘O' — FRI/QGFSM/J;?) oy 8
P=QURUS »
53 .
+ Z Igjlj%j (FSI/QUFT#,O,B - FSpC.‘tO'FTM.I/ﬂ) }
P=QURUSUT ;
L
e n-point graviton amplitudes: M, = li hid ™ :
point g P - o= ok lm s a b, \
2o ar
. . bl ° d- L . l,l;l/ I '
unimaginaoie using diagrams, = Kk lim 0 8o h’l H2...n,u1/ 7
§2..n—7 i

including matter interactions!)

e Phys.Rev.Lett. 127 (2021) 18, 181603




ONGOING PROJECTS



(Anti) de Sitter

9"V Vo = mQ?b + V(Cb)
g'n'l'n v(rnvnjé — TT?/T?, aTnaTlé ng'T?, F‘fn,na @
= 2270+ (1 — d)20.¢ + 2" 0" 0,0,)0

e Scalar e.o.m.:

e Free solutions:  ¢(z, ) = K(k, 2)e’*®

ke
e Multiparticle ansatz: ¢(2, ) T‘I) e

e Generates Witten diagrams (scalars, gluons, gravitons)!



= izkpu[20; + (2 —d)]ap

+i(z0; —d) ) (aqARy — arAQy)

P=QR

—z ) {(kquagq + i0:Aqu)ar — (kruar +i0:Aru)aq}
P=QR

—=< Z {(kQ,u = kR,u)(-AQ : AR} + 2AR,HU€R 3 'AQ) - 2’4@#{"‘:@ ) AR)}
P—QR

+ Y {(arAsy — asAru)aq + Asu(AqQ - Ar) — Aru(Aq - As)}
P=QRS

— Y {(a@Ar, — arAqu)as + Aru(Aq - As) — Aqu(Ar - As)}
P=QRS

2 ) {ar(kr - Ag) — ag(kq - Ar)}

P=QR

= ) {(Ag-9-Ar) — (Ar- 8. Aq)}

P=QR

_I_

+sr ) {2ar(Ag - As) — as(Ag - Ar) — ag(Ar - As)}
P—QRS




A(1,2,3,4) = /dz{zd—il [(A1 - Ag)(Ag - As) — (A1 - As) (As - Ad)]

+0. | i [(As - 0.41) — (Ad - . 49)] (A - A)

g e (AL - 82 A2) — (A2 - 0, A1)][(As - 02 A1) — (As - 8:A3)]

s34 zd+1

i T 1
L (k{—k3)(k3—k5) 12 4, . Ap)]

= DTy A+ AD)

— I [z (249 (ko - A1) — 2A1, (k1 - A2) + (ki — kou) (Ar - A2))]

X [z (2Ag (kg - A3) — 2435 (k3 - Ag) + (k3w — ks ) (As - Ag))] }

—[(34) — (23)].
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Loops are trees too!

The perturbiner can also generate trees with off-shell legs:

We can do this consistently
for gluons and gravitons

(including ghosts).




In case you are curious: BV actions and ghosts

e Yang-Mills theory:

S = /dd;tfﬂ{iFurmej - %(.aﬂﬂu)(auﬂu) — O"e(Oye —i[Ay, )}

e Gravity:

S = & [ dhaly=gR + (0,0 = 200, )57, + (0,E)6) + XA



Final remarks

» Classical e.o.m. are intimately connected to scattering amplitudes; L )
e Elegant and compact computations (and easy to code); ; 4

e Encompasses a broad set of theories (including gravity!); \‘,5

e Extension to curved spaces (AdS, to appear soon); LW

e Off-shell recursions and loop integrands (to appear soon); i; A
 Rich underlying structure (L-infinity and A-infinity algebras); ::/

e Interplay with string theory: Phys.Rev.Lett. 127 (2021) 5, 0516015




Thank you!
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