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Motivation

★ Hawking radiation during gravitational collapse.


★ Schwinger pair creation.


★Coupling of classical inflaton to other quantum fields.


★ etc.

Quantum effects in classical backgrounds —

Expand field in modes: �(x) =
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For free fields, the mode coefficients are simple harmonic oscillator variables in  
a time dependent classical background.



Simple Harmonic Oscillator
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â =
p̂� im!(t)x̂p

2m!(t)
, â† =

p̂+ im!(t)x̂p
2m!(t)
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Define ladder operators:

(with time dependent frequency) Early Work: 
H.R. Lewis, 1968


A.M. Perelmov & V.S. Popov, 1969

H.R. Lewis & W.B. Riesenfeld, 1969


L. Parker, 1971



SHO contd.
Heisenberg equations:

â(t) =
(p⇤z � im!z⇤)p

2m!
â0 +

(pz � im!z)p
2m!

â†0
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Solution:

where,

with initial conditions

z̈ + !2(t)z = 0
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dâ

dt
= �i[â, H] +

@â

@t
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“Bogolyubov coefficients”

[â, â†] = 1
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z is complex!



Classical-Quantum 
Correspondence (CQC)
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Quantum

Note 2: all quantum operators can be written in terms of the 

classical variable z(t) and the initial values of the operators.

Note 1: for any ω(t)! 



Initial Conditions

Quantum ground state implies classical system must have:


• zero point energy = 𝜔/2


• angular momentum = 1/2

(In field theory, angular momentum corresponds to global charge.)
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Particle Production with CQC
Particle production is usually discussed via Bogolyubov transformations.

Using CQC, we can find particle production from a classical calculation:

Summary: Particle production in classical time-dependent backgrounds, 

(e.g. Hawking radiation, reheating during inflation,…) can all be calculated 

using a classical analysis.
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Bogolyubov coefficient

This result was known from the late 60’s.  
We now want more…

Popov & Perelmov

Zeldovich & Starobinsky


Berger

B.-L. Hu


Hu & Parker…



Backreaction with CQC
Particle production implies backreaction on the classical background.

CQC provides a classical framework to address quantum backreaction.

Three Examples:
• Rolling background.


• Quantum oscillon.


• Collapsing shell.

• slow-down of inflaton dynamics,


• evaporation of black holes,  


• screening of electric fields,


• etc..

Cooper & Mottola,

Kluger et al,


Y-Z. Chen & TV, …



Example 1: Rolling Background
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1
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at2, zcl = 0
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Analysis
CQC Analysis:

zI(0) =
�1p
2!0

, żI(0) = 0
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Full Quantum Analysis: H (x, z, t) = i
@

@t
 (x, z, t)
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(z=real)

Challenging and laborious numerical problem — takes several days on cluster.
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free parameter

Simple numerical problem — takes few seconds with Mathematica.

z̈ = �(!2
0 + �x2)z
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x(0) = 0, ẋ(0) = 0,
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(z=complex)



CQC
xcl(t) = t2/2
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Quantum analysis

(increasing     )�x
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D. Full quantum treatment

To solve for the full quantum dynamics, we have to
solve the time-dependent Schrödinger equation

H (x, z, t) = i
@ 

@t
(37)

with H given in Eq. (25). The initial wavefunction is
taken to consist of Gaussian wavepackets in both the x

and z variables,

 (t = 0, x, z) =

✓
1

⇡�2
x

◆1/4

e
�x2/(2�2

x)

⇥
⇣
!0

⇡

⌘1/4
e
�!0z

2/2 (38)

The parameter �x is a free parameter in the full quan-
tum problem and we shall study the dynamics for several
values of �x.

With the initial condition in Eq. (38), we have hxi = 0
at t = 0 for all �x. Ehrenfest’s theorem in the absence
of backreaction (� = 0) gives the classical result for the
evolution of the expectation value of x,

hxi�=0 =
1

2
at

2
. (39)

We are interested in determining the e↵ect of backreac-
tion on this evolution.

Standard algorithms to solve the Schrödinger equa-
tion numerically, such as the explicit Crank-Nicholson
method with two iterations, were found to be unstable.
After some experimentation we found that Visscher’s al-
gorithm described in the Appendix is stable, provided we
use a very small time step for the evolution. This lim-
ited the duration for which we could evolve the system,
though it is su�ciently long to test the CQC. The nu-
merical solution yields the wavefunction from which we
then calculate the expectation value of the position of
the rolling particle, hxi. (Symmetry under z ! �z gives
hzi = 0 at all times.)

In Fig. 3 we show the dynamics of the rolling particle in
all the di↵erent treatments: first the evolution ignoring
backreaction, then the full quantum calculation for sev-
eral values of �x where backreaction is automatically in-
cluded, and finally the evolution with backreaction eval-
uated using the CQC. It appears that the fully quantum
treatment and the CQC agree to better and better accu-
racy as �x grows larger. To quantify this phenomenon,
we also plot the di↵erence of quantum and CQC evolu-
tions at a fixed time (t = 5) for di↵erent values of �x
(Fig. 4). The fit to the line gives

hxit=5 ⇡ xcq(t = 5) +
2

�x
. (40)

Therefore the full quantum result goes to the CQC result
in the limit of large �x.

FIG. 3: Rolling as calculated in the di↵erent analyses for

a = 1, !0 = 1 and � = 1. The dashed curve shows the clas-

sical solution, xc(t) = at2/2, and ignores backreaction. The

gray curves show the rolling in the full quantum treatment

with �x = 0.5, 1, 1.5, 2.0, with the curves getting lower with

increasing �x. The lowest (red) curve shows the rolling found

using the CQC.
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FIG. 4: Log-log plot of hxi � xcq at t = 5 showing that the

CQC becomes more exact for larger �x.

Since the wavepacket spreads during time evolution, we
would also expect the agreement between CQC and fully
quantum treatment to become exact at late times. To
understand why this would be a reasonable expectation,
we consider the time-dependent wavepacket solution for
a free particle,

 (t, x) = A(t, x) exp

 
� x

2

2�2
x

1

1 + t2

m2�4
x

!
, (41)

where A(t, x) is a complex number whose modulus does
not depend on x. Note that the parameter �x quantifies
the initial width of the wavepacket and is proportional
to the standard deviation on the initial position x of the
free particle. At late times the width of the wavepacket
grows as

�(t) ⇠ t

�xm
. (42)

Approach to CQC

hxit=5 = xcq(t = 5) +
2

�x
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FIG. 5: Log-linear plot of the scaling index ns =

d ln(f)/d ln(t) for f = xcq (in black) and f = hxi�x=2 (in

gray). At late times the scaling index of xcq approaches 2.

So the rate of wavepacket spreading is (�xm)�1. This
wavepacket spreading is a completely quantum e↵ect.
For a rolling particle to behave classically, the rate of
spreading should be much less than the rate at which it
rolls,

1

�xm
⌧ at, (43)

where a is the constant acceleration of the particle. Thus
a rolling particle behaves more classically at late times,
and the time at which it starts behaving classically oc-
curs earlier if the initial width of the initial wavepacket
is larger. Based on this behavior of a free particle, as
the rolling becomes more classical, the CQC should be-
come more exact, and at late times it should match the
quantum evolution.

It is therefore instructive to study the late-time scal-
ing behavior of the dynamics with backreaction of the
rolling particle in the CQC (Fig. 5). After an early tran-
sient phase where the particle’s dynamics is damped and
x(t) / t

1.75, the acceleration asymptotically approaches
a constant (x(t) / t

2), albeit di↵erent from a. More
precisely, the corresponding asymptotic solution is

x(t) =
1

2

 
a�

p
�

2

!
t
2
, (44)

⇠(t)2 + �(t)2 =
1

p
�

⇣
a�

p
�
2

⌘
t2

. (45)

Notice the peculiar fact that the latter equality requires
the coupling to be bounded in order for this asymptotic
solution to exist. (For � > 4 we find bound state solu-
tions [16].) This renormalization of the acceleration sug-
gests that the vacuum e↵ectively provides a “quantum
friction” force of magnitude �

p
�/2. In principle, this

scaling behavior should also be recovered at late times in
the full quantum treatment and this can be tested nu-
merically in our toy-model. It turns out however that

integrating the Schrödinger equation for longer periods
of time will require a lot of computational power, or a
more e�cient and stable numerical algorithm. For this
reason we have only plotted the scaling behavior of the
fully quantum hxi (for �x = 2) up to t = 7 in Fig. 5
and see good agreement with the CQC. We leave a more
thorough numerical analysis of the Schrödinger equation
for future work.

III. CONCLUSIONS

We have derived the CQC in the Heisenberg picture.
This shows that the dynamics of a quantum simple har-
monic oscillator with a time-dependent frequency is given
by the dynamics of two classical simple harmonic oscilla-
tors with the same time-dependent frequency and pre-
scribed initial conditions. Equivalently, the quantum
dynamics can be recovered by complexifying the phase
space variables of the classical simple harmonic oscillator.
Since the modes of a free quantum field in a background
can be treated as an infinite set of simple harmonic oscil-
lators with time-dependent frequencies, the CQC can be
extended to field theory. Then the dynamics of a quan-
tum real scalar field is given by the dynamics of a classical
complex scalar field, again with prescribed initial condi-
tions.
The CQC provides a tool to study the backreaction

of quantum radiation on classical dynamics. We have
investigated the backreaction in a toy model that involves
a particle rolling down a linear potential and coupled to
other simple harmonic oscillator degrees of freedom. We
solved this toy problem using the CQC and compared it
to the full quantum solution. The dynamics in the two
approaches agree remarkably well, especially as the initial
quantum state in the full treatment is taken to be more
classical (i.e. larger �x). Furthermore, the analysis using
the CQC is trivial to implement numerically, whereas the
full quantum treatment is a non-trivial numerical task.
We can also compare the CQC with the iterative semi-

classical approach to calculate the radiation and backre-
action. There the radiation is calculated in a fixed back-
ground, then the background equations are solved us-
ing the radiation solution. This modifies the background
and the procedure can be repeated in the modified back-
ground. In practice only a few iterations are performed
and it is assumed that the procedure will converge. To
assess the e↵ectiveness of this procedure, we plot the
semiclassical background xN (t) after N iterations of this
procedure (Fig. 6) as well as the fractional error when
compared to the CQC result (Fig. 7). (Analogous plots
can be obtained for the radiated energy.) We thus see
that the iterative procedure converges quickly for t  10,
the fractional error being at the level of the working nu-
merical precision after only 3 iterations. However as the
time increases, more iterations will be needed to provide
a good approximation to the full quantum problem (note
that the relative error is ⇠ 100% after only one iteration).

Particle on linear potential: exponent

x(t) =
1

2

 
a�

p
�

2

!
t2
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Asymptotic CQC:

|z(t)|2 =
1

p
�
⇣
a�

p
�
2

⌘
t2
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Quantum vs. CQC
CQC is exact if the background is classical.

The wavepacket of the rolling particle moves down the potential and spreads.

The dynamics is classical if the rolling is faster than the spreading:

Therefore quantum dynamics coincides with CQC for wide wavepackets at late times.

at � ~
2m�x
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CQC for fields
S =

Z
d4x


1

2
(@µ�)

2 � 1

2
�2�2

�
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Coupled fields:

S =

Z
d4x

p
�g

1

2
gµ⌫@µ�@⌫�
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Quantum fields in curved

space-time:

Sdiscrete =
X

K,L


1

2
�̇KMKL�̇L � 1

2
�KNKL�L

�
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General discretized version:

We will work with discretization on a spatial lattice: x=n*a,

as this has certain advantages over a mode decomposition.

Same as N coupled quantum simple harmonic oscillators.



CQC for fields contd.
Details may be found in “Classical Quantum Correspondence for Fields”w George Zahariade.  

(arXiv:1807.10282)

i .e. N field variables correspond to 2N2 classical variables.
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Z
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1
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h
Ż†Ż� Z†⌦2Z

i
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Initial conditions:
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0
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�1 2 + �a2�2
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0 �1 2 + �a2�2
3 �1 0 . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

1
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CQC for fields contd.
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Initial conditions:

Z̈ij + ⌦2
ikZkj = 0
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Proof of CQC
Semiclassical equation for background:

Expectation value known in terms of Z (lattice form):

which gives the CQC equation for the background:

Alternately, can show that the iterative semiclassical approximation gives the

CQC in the limit of infinite iterations.

⇤�+ V (�) + �h0|�2|0i� = 0
<latexit sha1_base64="KYu1QSijA/UMWSxPqTJkzfHG5eg="></latexit>

TV & Zahariade (fields paper)

h0|�2|0i
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x=ia
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NX

j=1

Z⇤
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<latexit sha1_base64="4kvst42yADFmtqEYc9eCJMEON5Q="></latexit>

(⇤�)i + V 0(�i) +
�

a2

NX

j=1

Z⇤
ijZij�i = 0

<latexit sha1_base64="LSsn2PS+gHThJGsKkXDipQJ+gpY="></latexit>



Example 2: Evaporation of  
Quantum Oscillon

L =
1

2
(@µ�)

2 �m2
�(1� cos�) +

1

2
(@µ )

2 � �

2
�2 2

<latexit sha1_base64="p+CKOEIREKhDQI+srd0aHLkXlb4="></latexit><latexit sha1_base64="p+CKOEIREKhDQI+srd0aHLkXlb4="></latexit><latexit sha1_base64="p+CKOEIREKhDQI+srd0aHLkXlb4="></latexit><latexit sha1_base64="p+CKOEIREKhDQI+srd0aHLkXlb4="></latexit>

�b(t, x) = 4 tan�1


⌘ sin(!t)

cosh(⌘!x)

�
,  = 0

<latexit sha1_base64="CB3EU9UcB4WosCZoIXoz4VQO8XE="></latexit><latexit sha1_base64="CB3EU9UcB4WosCZoIXoz4VQO8XE="></latexit><latexit sha1_base64="CB3EU9UcB4WosCZoIXoz4VQO8XE="></latexit><latexit sha1_base64="CB3EU9UcB4WosCZoIXoz4VQO8XE="></latexit>

Breather solution (exact):

Breather will evaporate due to quantum radiation, i.e. “quantum oscillon”.

!⌘ =
p
1� !2

<latexit sha1_base64="38Ov7UGUMq1vimcLSj6nafOT/KA=">AAACKHicbVDLSgQxEMz4dn2tevQSXAQvyowIiiAIXjwquCrsrEtPtmcNJpMx6RGWYa9+jHjV7/AmXv0D/8Ds4+CrIFBUd1GdSnIlHYXhezA2PjE5NT0zW5mbX1hcqi6vXDhTWIF1YZSxVwk4VDLDOklSeJVbBJ0ovExuj/vzy3u0TprsnLo5NjV0MplKAeSlVpXHRmMHeIwE/JDH7s5SGW0N1eudXqVVrYXb4QD8L4lGpMZGOG1VP+O2EYXGjIQC5xpRmFOzBEtSKOxV4sJhDuIWOtjwNAONrlkOftLjG15p89RY/zLiA/W7owTtXFcnflMD3bjfs77436xRULrfLGWWF4SZGAalheJkeL8W3pYWBamuJyCs9LdycQMWBPnyfqQk2rt5YlQ7BYG8H+U7in438pdc7GxHnp/t1o4ORm3NsDW2zjZZxPbYETthp6zOBHtgT+yZvQSPwWvwFrwPV8eCkWeV/UDw8QWlyaVL</latexit><latexit sha1_base64="38Ov7UGUMq1vimcLSj6nafOT/KA=">AAACKHicbVDLSgQxEMz4dn2tevQSXAQvyowIiiAIXjwquCrsrEtPtmcNJpMx6RGWYa9+jHjV7/AmXv0D/8Ds4+CrIFBUd1GdSnIlHYXhezA2PjE5NT0zW5mbX1hcqi6vXDhTWIF1YZSxVwk4VDLDOklSeJVbBJ0ovExuj/vzy3u0TprsnLo5NjV0MplKAeSlVpXHRmMHeIwE/JDH7s5SGW0N1eudXqVVrYXb4QD8L4lGpMZGOG1VP+O2EYXGjIQC5xpRmFOzBEtSKOxV4sJhDuIWOtjwNAONrlkOftLjG15p89RY/zLiA/W7owTtXFcnflMD3bjfs77436xRULrfLGWWF4SZGAalheJkeL8W3pYWBamuJyCs9LdycQMWBPnyfqQk2rt5YlQ7BYG8H+U7in438pdc7GxHnp/t1o4ORm3NsDW2zjZZxPbYETthp6zOBHtgT+yZvQSPwWvwFrwPV8eCkWeV/UDw8QWlyaVL</latexit><latexit sha1_base64="38Ov7UGUMq1vimcLSj6nafOT/KA=">AAACKHicbVDLSgQxEMz4dn2tevQSXAQvyowIiiAIXjwquCrsrEtPtmcNJpMx6RGWYa9+jHjV7/AmXv0D/8Ds4+CrIFBUd1GdSnIlHYXhezA2PjE5NT0zW5mbX1hcqi6vXDhTWIF1YZSxVwk4VDLDOklSeJVbBJ0ovExuj/vzy3u0TprsnLo5NjV0MplKAeSlVpXHRmMHeIwE/JDH7s5SGW0N1eudXqVVrYXb4QD8L4lGpMZGOG1VP+O2EYXGjIQC5xpRmFOzBEtSKOxV4sJhDuIWOtjwNAONrlkOftLjG15p89RY/zLiA/W7owTtXFcnflMD3bjfs77436xRULrfLGWWF4SZGAalheJkeL8W3pYWBamuJyCs9LdycQMWBPnyfqQk2rt5YlQ7BYG8H+U7in438pdc7GxHnp/t1o4ORm3NsDW2zjZZxPbYETthp6zOBHtgT+yZvQSPwWvwFrwPV8eCkWeV/UDw8QWlyaVL</latexit><latexit sha1_base64="38Ov7UGUMq1vimcLSj6nafOT/KA=">AAACKHicbVDLSgQxEMz4dn2tevQSXAQvyowIiiAIXjwquCrsrEtPtmcNJpMx6RGWYa9+jHjV7/AmXv0D/8Ds4+CrIFBUd1GdSnIlHYXhezA2PjE5NT0zW5mbX1hcqi6vXDhTWIF1YZSxVwk4VDLDOklSeJVbBJ0ovExuj/vzy3u0TprsnLo5NjV0MplKAeSlVpXHRmMHeIwE/JDH7s5SGW0N1eudXqVVrYXb4QD8L4lGpMZGOG1VP+O2EYXGjIQC5xpRmFOzBEtSKOxV4sJhDuIWOtjwNAONrlkOftLjG15p89RY/zLiA/W7owTtXFcnflMD3bjfs77436xRULrfLGWWF4SZGAalheJkeL8W3pYWBamuJyCs9LdycQMWBPnyfqQk2rt5YlQ7BYG8H+U7in438pdc7GxHnp/t1o4ORm3NsDW2zjZZxPbYETthp6zOBHtgT+yZvQSPwWvwFrwPV8eCkWeV/UDw8QWlyaVL</latexit>

Apply CQC to evaporation. 
(No other technique is available to my knowledge.)

also Hertzberg (2010)



Quantum oscillon: evaporation



Quantum Oscillon via CQC
with Jan Olle, Oriol Pujolas, George Zahariade
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<latexit sha1_base64="sw1r2hKMt8hTVS7AkKOnU6Ke0b8=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMiKIJQcOOygm2Vdih3Mpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwA05UzSlmGG04dEURABp51gdJP7nSeqNIvlvRkn1BcwkCxiBIyVHnvcjoZw7farNbfuToGXiVeQGirQ7Fd/emFMUkGlIRy07npuYvwMlGGE00mll2qaABnBgHYtlSCo9rPpwRN8YpUQR7GyTxo8Vf9uZCC0HovATgowQ73o5eJ/Xjc10aWfMZmkhkoyC4pSjk2M89/jkClKDB9bAkQxeysmQ1BAjO1oLiUQdhsHMQ8jIBTnUbYjb7GRZdI+q3uW353XGldFW2V0hI7RKfLQBWqgW9RELUSQQC/oFb05z8678+F8zkZLTrFziObgfP0CPKWcSw==</latexit><latexit sha1_base64="sw1r2hKMt8hTVS7AkKOnU6Ke0b8=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMiKIJQcOOygm2Vdih3Mpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwA05UzSlmGG04dEURABp51gdJP7nSeqNIvlvRkn1BcwkCxiBIyVHnvcjoZw7farNbfuToGXiVeQGirQ7Fd/emFMUkGlIRy07npuYvwMlGGE00mll2qaABnBgHYtlSCo9rPpwRN8YpUQR7GyTxo8Vf9uZCC0HovATgowQ73o5eJ/Xjc10aWfMZmkhkoyC4pSjk2M89/jkClKDB9bAkQxeysmQ1BAjO1oLiUQdhsHMQ8jIBTnUbYjb7GRZdI+q3uW353XGldFW2V0hI7RKfLQBWqgW9RELUSQQC/oFb05z8678+F8zkZLTrFziObgfP0CPKWcSw==</latexit><latexit sha1_base64="sw1r2hKMt8hTVS7AkKOnU6Ke0b8=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMiKIJQcOOygm2Vdih3Mpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwA05UzSlmGG04dEURABp51gdJP7nSeqNIvlvRkn1BcwkCxiBIyVHnvcjoZw7farNbfuToGXiVeQGirQ7Fd/emFMUkGlIRy07npuYvwMlGGE00mll2qaABnBgHYtlSCo9rPpwRN8YpUQR7GyTxo8Vf9uZCC0HovATgowQ73o5eJ/Xjc10aWfMZmkhkoyC4pSjk2M89/jkClKDB9bAkQxeysmQ1BAjO1oLiUQdhsHMQ8jIBTnUbYjb7GRZdI+q3uW353XGldFW2V0hI7RKfLQBWqgW9RELUSQQC/oFb05z8678+F8zkZLTrFziObgfP0CPKWcSw==</latexit><latexit sha1_base64="sw1r2hKMt8hTVS7AkKOnU6Ke0b8=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMiKIJQcOOygm2Vdih3Mpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwA05UzSlmGG04dEURABp51gdJP7nSeqNIvlvRkn1BcwkCxiBIyVHnvcjoZw7farNbfuToGXiVeQGirQ7Fd/emFMUkGlIRy07npuYvwMlGGE00mll2qaABnBgHYtlSCo9rPpwRN8YpUQR7GyTxo8Vf9uZCC0HovATgowQ73o5eJ/Xjc10aWfMZmkhkoyC4pSjk2M89/jkClKDB9bAkQxeysmQ1BAjO1oLiUQdhsHMQ8jIBTnUbYjb7GRZdI+q3uW353XGldFW2V0hI7RKfLQBWqgW9RELUSQQC/oFb05z8678+F8zkZLTrFziObgfP0CPKWcSw==</latexit>

� = 1
<latexit sha1_base64="ECEWS7gFnW6lqwFXKldpLBFYDdE=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAhCwY3LCrZV2qFkMpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwBrypmkLcMMpw+JolgEnHaC0U3ud56o0iyW92acUF/ggWQRI9hY6bHH7WiIr71+tebW3SnQMvEKUoMCzX71pxfGJBVUGsKx1l3PTYyfYWUY4XRS6aWaJpiM8IB2LZVYUO1n04Mn6MQqIYpiZZ80aKr+3ciw0HosAjspsBnqRS8X//O6qYku/YzJJDVUkllQlHJkYpT/HoVMUWL42BJMFLO3IjLEChNjO5pLCYTdRkHMwwgTivIo25G32MgyaZ/VPcvvzmuNq6KtMhzBMZyCBxfQgFtoQgsICHiBV3hznp1358P5nI2WnGLnEObgfP0CPkicTA==</latexit><latexit sha1_base64="ECEWS7gFnW6lqwFXKldpLBFYDdE=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAhCwY3LCrZV2qFkMpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwBrypmkLcMMpw+JolgEnHaC0U3ud56o0iyW92acUF/ggWQRI9hY6bHH7WiIr71+tebW3SnQMvEKUoMCzX71pxfGJBVUGsKx1l3PTYyfYWUY4XRS6aWaJpiM8IB2LZVYUO1n04Mn6MQqIYpiZZ80aKr+3ciw0HosAjspsBnqRS8X//O6qYku/YzJJDVUkllQlHJkYpT/HoVMUWL42BJMFLO3IjLEChNjO5pLCYTdRkHMwwgTivIo25G32MgyaZ/VPcvvzmuNq6KtMhzBMZyCBxfQgFtoQgsICHiBV3hznp1358P5nI2WnGLnEObgfP0CPkicTA==</latexit><latexit sha1_base64="ECEWS7gFnW6lqwFXKldpLBFYDdE=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAhCwY3LCrZV2qFkMpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwBrypmkLcMMpw+JolgEnHaC0U3ud56o0iyW92acUF/ggWQRI9hY6bHH7WiIr71+tebW3SnQMvEKUoMCzX71pxfGJBVUGsKx1l3PTYyfYWUY4XRS6aWaJpiM8IB2LZVYUO1n04Mn6MQqIYpiZZ80aKr+3ciw0HosAjspsBnqRS8X//O6qYku/YzJJDVUkllQlHJkYpT/HoVMUWL42BJMFLO3IjLEChNjO5pLCYTdRkHMwwgTivIo25G32MgyaZ/VPcvvzmuNq6KtMhzBMZyCBxfQgFtoQgsICHiBV3hznp1358P5nI2WnGLnEObgfP0CPkicTA==</latexit><latexit sha1_base64="ECEWS7gFnW6lqwFXKldpLBFYDdE=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAhCwY3LCrZV2qFkMpk2NMkMSUYoQz9C3Op3uBO3foKf4R+YaWdhWw8EDufcy7k5QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rhwBrypmkLcMMpw+JolgEnHaC0U3ud56o0iyW92acUF/ggWQRI9hY6bHH7WiIr71+tebW3SnQMvEKUoMCzX71pxfGJBVUGsKx1l3PTYyfYWUY4XRS6aWaJpiM8IB2LZVYUO1n04Mn6MQqIYpiZZ80aKr+3ciw0HosAjspsBnqRS8X//O6qYku/YzJJDVUkllQlHJkYpT/HoVMUWL42BJMFLO3IjLEChNjO5pLCYTdRkHMwwgTivIo25G32MgyaZ/VPcvvzmuNq6KtMhzBMZyCBxfQgFtoQgsICHiBV3hznp1358P5nI2WnGLnEObgfP0CPkicTA==</latexit>

Renormalization is necessary to compare evolutions for different lattice spacings.



Example 3: Collapsing Shell

R(t)
<latexit sha1_base64="vwl6k/ifl2wbdSXDHgv+S3p2hDc=">AAACCnicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy6r2Ae0Q8mkd9rQZDIkGaEM/QNxq9/hTtz6E36Gf2CmnYVtPRA4nHMv5+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctLRNFoUkll6oTEA2cRdA0zHDoxAqICDi0g/Ft5refQGkmo0czicEXZBixkFFiMumhas775Ypbc2fAq8TLSQXlaPTLP72BpImAyFBOtO56bmz8lCjDKIdpqZdoiAkdkyF0LY2IAO2ns1un+MwqAxxKZV9k8Ez9u5ESofVEBHZSEDPSy14m/ud1ExNe+ymL4sRAROdBYcKxkTj7OB4wBdTwiSWEKmZvxXREFKHG1rOQEgi7jQPJByGhgLMo25G33MgqaV3UPLfm3V9W6jd5W0V0gk5RFXnoCtXRHWqgJqJohF7QK3pznp1358P5nI8WnHznGC3A+foFFEGaDg==</latexit><latexit sha1_base64="vwl6k/ifl2wbdSXDHgv+S3p2hDc=">AAACCnicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy6r2Ae0Q8mkd9rQZDIkGaEM/QNxq9/hTtz6E36Gf2CmnYVtPRA4nHMv5+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctLRNFoUkll6oTEA2cRdA0zHDoxAqICDi0g/Ft5refQGkmo0czicEXZBixkFFiMumhas775Ypbc2fAq8TLSQXlaPTLP72BpImAyFBOtO56bmz8lCjDKIdpqZdoiAkdkyF0LY2IAO2ns1un+MwqAxxKZV9k8Ez9u5ESofVEBHZSEDPSy14m/ud1ExNe+ymL4sRAROdBYcKxkTj7OB4wBdTwiSWEKmZvxXREFKHG1rOQEgi7jQPJByGhgLMo25G33MgqaV3UPLfm3V9W6jd5W0V0gk5RFXnoCtXRHWqgJqJohF7QK3pznp1358P5nI8WnHznGC3A+foFFEGaDg==</latexit><latexit sha1_base64="vwl6k/ifl2wbdSXDHgv+S3p2hDc=">AAACCnicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy6r2Ae0Q8mkd9rQZDIkGaEM/QNxq9/hTtz6E36Gf2CmnYVtPRA4nHMv5+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctLRNFoUkll6oTEA2cRdA0zHDoxAqICDi0g/Ft5refQGkmo0czicEXZBixkFFiMumhas775Ypbc2fAq8TLSQXlaPTLP72BpImAyFBOtO56bmz8lCjDKIdpqZdoiAkdkyF0LY2IAO2ns1un+MwqAxxKZV9k8Ez9u5ESofVEBHZSEDPSy14m/ud1ExNe+ymL4sRAROdBYcKxkTj7OB4wBdTwiSWEKmZvxXREFKHG1rOQEgi7jQPJByGhgLMo25G33MgqaV3UPLfm3V9W6jd5W0V0gk5RFXnoCtXRHWqgJqJohF7QK3pznp1358P5nI8WnHznGC3A+foFFEGaDg==</latexit><latexit sha1_base64="vwl6k/ifl2wbdSXDHgv+S3p2hDc=">AAACCnicbVDLSgMxFM3UV62vqks3wSLUTZkRQZdFNy6r2Ae0Q8mkd9rQZDIkGaEM/QNxq9/hTtz6E36Gf2CmnYVtPRA4nHMv5+YEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctLRNFoUkll6oTEA2cRdA0zHDoxAqICDi0g/Ft5refQGkmo0czicEXZBixkFFiMumhas775Ypbc2fAq8TLSQXlaPTLP72BpImAyFBOtO56bmz8lCjDKIdpqZdoiAkdkyF0LY2IAO2ns1un+MwqAxxKZV9k8Ez9u5ESofVEBHZSEDPSy14m/ud1ExNe+ymL4sRAROdBYcKxkTj7OB4wBdTwiSWEKmZvxXREFKHG1rOQEgi7jQPJByGhgLMo25G33MgqaV3UPLfm3V9W6jd5W0V0gk5RFXnoCtXRHWqgJqJohF7QK3pznp1358P5nI8WnHznGC3A+foFFEGaDg==</latexit>

Radiation mode(s)

Changing shell metric leads to quantum radiation and shell evaporation.

Recast as simple harmonic oscillators with time-dependent frequencies.

TV, Stojkovic & Krauss, 2007

Kolopanis & TV, 2013

TV & Zahariade 2018



Shell Dynamics

gµ⌫ =

(
Minkowski (T, r, ✓,�), r  R(T )

Schwarzschild (t, r, ✓,�), r > R(T )
<latexit sha1_base64="mDaD5Ocza7vSurIwJ1H+NrqrOq8="></latexit><latexit sha1_base64="mDaD5Ocza7vSurIwJ1H+NrqrOq8="></latexit><latexit sha1_base64="mDaD5Ocza7vSurIwJ1H+NrqrOq8="></latexit><latexit sha1_base64="mDaD5Ocza7vSurIwJ1H+NrqrOq8="></latexit>

*Scalar field changes the form of the metric but for now we restrict

attention to just the shell radius and the field excitations.

R(t)
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Ipser & Sikivie, 1984

Ṫ ⌘ dT

dt
=

Bp
B + (1�B)R2

T
<latexit sha1_base64="dJZo94d1t4oVnN4p8aSRcX4Ej7o="></latexit><latexit sha1_base64="dJZo94d1t4oVnN4p8aSRcX4Ej7o="></latexit><latexit sha1_base64="dJZo94d1t4oVnN4p8aSRcX4Ej7o="></latexit><latexit sha1_base64="dJZo94d1t4oVnN4p8aSRcX4Ej7o="></latexit>

B ⌘ 1� 2GM

R
= 1� RS

R
<latexit sha1_base64="k5jGSzj65JM2H3PB9NsKHB4t3bM="></latexit><latexit sha1_base64="k5jGSzj65JM2H3PB9NsKHB4t3bM="></latexit><latexit sha1_base64="k5jGSzj65JM2H3PB9NsKHB4t3bM="></latexit><latexit sha1_base64="k5jGSzj65JM2H3PB9NsKHB4t3bM="></latexit>

Ṫ ! 0 as R ! RS .
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Scalar field in shell metric
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Inside shell:
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Outside shell:

Take near-horizon limit. Only keep dominant terms.
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TV, Stojkovic & Krauss, 2007



Scalar field modes in shell metric

Expand scalar field in modes. Since action is quadratic, the modes

will be given by simple harmonic oscillator variables.
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Diagonalize using principal-axis transformation:

For now, treat only one mode.
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Toy model for shell+1 excitation

{ {

Shell dynamics. One radiation mode.
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Now with the CQC!

!2(T ) =
2

Ṫ
! 1, as R ! RS .
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Next we solve the classical equations with CQC initial conditions.
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Figure 1. Radius of shell r versus time ⌧ when
backreaction is ignored (dashed curve) and with
backreaction taken into account (solid curve).

Figure 2. Rescaled Schwarzschild radius of the
shell µ versus time ⌧ with (solid curve) and with-
out (dashed curve) backreaction.
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Figure 3. Radius of shell r in units of the
instantaneous (rescaled) Schwarzschild radius,
µ(⌧), versus time ⌧ with (solid curve) and with-
out (dashed curve) backreaction.

3.2 M determined via explicit energy conservation

In order to be able to carry out the numerical integration further, we need a better approxi-
mation for the mass M of the collapsing wall. Since the evolution of the full system conserves
energy, we can use energy conservation to relate the rate of change of M to the radiation
rate. In other words, to numerically solve the equations of motion we take M(T ) to be an
additional degree of freedom and supplement the di↵erential system describing the collapse
dynamics with an additional constraint equation enforcing energy conservation,

dM

dT
= � d

dT


⇠
2
T

2
+


2

2Ṫ
⇠
2 +

�
2
T

2
+


2

2Ṫ
�
2

�
. (3.17)

This equation simply states that all the energy that is radiated into the modes ⇠ and �

must come from the shell itself i.e. from M(T ). Therefore the dynamics of the collapse are
described by the equations of motion for R, ⇠ and � (with M(T ) considered to be a spectator
function) as well as Eq. (3.17). In terms of the rescaled functions r(⌧), f(⌧) and µ(⌧), the
relevant di↵erential equations will be Eqs. (3.12) and (3.13) (which now depend explicitly
on µ(⌧) via Ṫ ) as well as

dµ

d⌧
+G

2
f
2 d

d⌧

⇣
Ṫ
�1

⌘
= 0 . (3.18)

– 7 –

Evaporation of  
Gravitating Collapsing Shell

(⌧ = 4⇡G�T )
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Shell Evaporation with CQC
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Conclusions
★Classical Quantum Correspondence (CQC): New (!) technique to 

study quantum systems in classical backgrounds.


★With CQC we can address backreaction: Comparison with full 
quantum backreaction in the rolling problem shows excellent 
agreement.


★Quantum oscillons: Quantum evaporation using the CQC.


★ Gravitational collapse: Single-mode-CQC hints that collapse slows 
down with respect to instantaneous Schwarzschild radius. A full 
implementation seems within reach.



