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A Tale of Two Outcomes...

Two main results of FL, Tran & Zweibel 2026:

e Time-dependent anisotropic, gyrotropic distribution functions
o General form of distribution subject to time-dependent adiabatic motions.

o Newly proposed anisotropic, relativistic Maxwell-Juttner (e.g. Schiickeiser
2004, Treumann 2015, Livadiotis 2016)

e Extending double-adiabatic equations of state to relativistic regime
o Analytical, closed form for Ultrarelativistic case.
o Numerically obtained for the generic relativistic case.

Does all this agree with PIC simulations??



The Initial Spark: Evolution of distributions in PIC

In a driven PIC simulation of a uniform, (@ {t>0
magnetized plasma (e.g.
shearing/compressing/pulsating box):

e How does the distribution
function evolves during the
adiabatic phase of the motion? s

e Can we obtain an analytical 0.002
expression for it? (e.g. 0.000

0.006

. ) » , 100 200 300 400 500
anisotropic Maxwell-Juttner) pL/me



Relativistic Astrophysical Plasmas Event Horizon Telescope

e \Weakly collisional/collisionless,
magnetized, and turbulent.

e Several species can be relativistic
(e.g. cosmic rays, accelerated
populations, relativistic
temperatures)

e Departures from thermodynamic
equilibrium are common.
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Pressure Anisotropy and the CGL Equations

e Slow dynamics in magnetized,
collisionless plasma: magnetic moment
and longitudinal action are adiabatic
invariants.

e In absence of heat fluxes and FLR
effects: CGL equations (Chew, Goldberger,
Low 1956).

e CGL can be obtained from moments of a
well known distribution: Bi-Maxwellian.

e Important source of free energy for kinetic
instabilities (mirror, firehose, ion cyclotron,
whistler, etc.)




Pressure Anisotropy and the CGL Equations

e Slow dynamics in magnetized,
collisionless plasma: magnetic moment
and longitudinal action are adiabatic
invariants.

In absence of hez

whistler,



Let’s find f: The Relativistic Drift Kinetic Equation

Periodic, uniform, magnetised, collisionless flux tube of plasma of radius r and
length /, with no scattering mechanism active and zero heat fluxes.

Evolution of a gyrotropic distribution f (AUl is given by (e.g. Kulsrud
1983, 2005)

We assume very long spatial scales [T K1, so spatial
derivatives of f can be neglected. NEXICY BEXIAY
SBEdlnB/dt BEB/VB

A more general approach via a Lagrangian formalism is possible, and
invoking parity in fin order to neglect heat fluxes. (Wierzchucka et al. 2026)



Let’s find f: The Relativistic Drift Kinetic Equatlon

e Assume well magnetised plasma: YRR t

o Magnetic moment and longitudinal action are adiabatic invariants:

2mB = QP D)o Al ~ Const

e Conservation of adiabatic invariants, particle number, and magnetic flux allow
to write, using momentum spherical coordinates (e.g. Lichko et al. 2017)

n of | n B on| OF

rXAmen e

* : See Wierzchucka et al. 2026 for a nice generalization of the use of J.
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Let’s find f: The Relativistic Drift Kinetic Equation

of |1, , 27 B n| Of 27 B o | OFf
- _ - _ = =L R — _ ~ ¥, =

e (Can be solved by the method of characteristics yielding (e.g. Zhdankin, Kunz &
Uzdensky 2023)

For any gyrotropic initial distribution F.

We consider three initial distributions:

1. Non-relativistic Maxwellian
2. Maxwell-duttner
3. Ultrarelativistic Maxwell-Juttner



Benchmark: Initial Non-relativistic Maxwellian

Initial F:

Leads to: 0 B I
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Relativistic Case: Maxwell-Juttner

no

Initial F: 13§D exp

T 4mmPA3K,(1/0)

Leads to a new time-dependent, anisotropic Maxwell-Juttner (e.g. Schlickeiser 2004,
Treumann 2015, Livadiotis 2016):

no

(t,pL,p)) = 1m0k, (1/6) exp

Can this expression describe the adiabatic evolution of a Maxwell-Juttner
in driven PIC simulations?



Numerical Validation: Driven PIC Simulations

Continuously driven, 2.5D fully kinetic PIC simulations of shearing and
compressing boxes using TRISTAN-MP (Riquelme et al. 2012, Sironi & Narayan

2015).

lons and electrons initialized with Maxwell-Juttner distributions and equal

temperatures Ti = Te.

We avoid excitation of any kinetic instability. Only adiabatic evolution is captured.

Physical parameters:

keT™" /m;c

P

M/ Me
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2i/s, $i/q
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Numerical Validation: Driven PIC Simulations

Shearing box: (Riquelme et al. 2012)

Velocity shear imposed:
Flux freezing implies G IR BEax

B/B #0, n/n =0

14

Compressing box: (Sironi & Narayan 2015)

e Compression motion imposed in
perpendicular directions of B.
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Results: Adiabatic time evolution of the distribution

Compressing box PIC simulation

Recall our time-dependent, anisotropic
Maxwell-Juttner:

P, ; histogram at tg =0

P ; histogram at tg = 0.1

(t ) = TR TE
DL, D)) = 471'7713639}{2(1/6)

— fayc(pL,tg=0)
— famic(pi,tg=0.1)

kpT™ /m;c* = 0.2
no (n/ngy) pl/m2c?

St )= o ka1/0) (BB "\ | BBy '\

no

faMJ(T,Pll)ZW

Directly compare with simulations!
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Results: Adiabatic time evolution of the distribution

kgT;/mic® = 0.2

f'i(pJ_? t)
Recall our time-dependent, anisotropic | e (1]
' p. hstogram (s = U.1)
Maxwell-Juttner: ,, T ety
. — fawu(pr,ts = 0.

(t ) = TR TE
DL, D)) = 471'7713639}{2(1/6)

Jams (2 )—L(”/Uo) p?/mc?
i PO = k,/0) BBy P\ By |6

fanttpy=—"0 [ fr ™
aMIZ, ) = 2mcK3(1/9) (n/nO)Z(B/B())‘Z

Directly compare with simulations!

0.00

Shearing box PIC simulation




Pressure Anisotropy from Anisotropic Maxwell-Juttner?

Recall our newly proposed Anisotropic Maxwell-Juttner:

no

(tapJ_apH) — 47Tm3C?’(9K2(1/9) exp

2./1+p2/m?e
P2

noC /1 p*(1 — u?)

- 2mAct0 Ko (1/6)

N B N i . N
N 2mAct0K5(1/6) 1+ p2/m2c2 &Ep




L R(t
Ultrarelativistic case

Initial F:
L eads to:

o 1/3 :
no (

4/3 2 3

arctan( (R/Rp)? — 1) B 1

[(R/Ro)* —1]3/2 (R/Ro)°[(R/Ro)® —1]

For R > 1
See also Wierzchucka et al. 2026



PIC Results: Shearing box

1. Ultrarelativistic case

O  PIC Results
--- NR CGL: B/B,
o | = Ley, Tran & Zweibel 2026 |,

PIC Results
-== NR CGL: (B/B;)™2
- Ley, Tran & Zweibel 2026

.00 0.00 025 050  0.75

t-S




PIC Results: Shearing box

1. Ultrarelativistic case

PJ_,e/PJ_,e,O

O  PIC simulation
|— — NR CGL: B/B,
—— Ley, Tran & Zweibel 2026 2

Electron
case:

PIC simulation

_|— — NRCGL: (B/By)™?

Ley, Tran & Zweibel 2026
025  0.50 0.75

t-S




PIC Results: Compressing box

1. Ultrarelativistic case

O  PIC Simulation
/=== NR CGL: B/B,
—— Ley, Tran & Zweibel 2026

PIC Simulation
-== NR CGL: const.
Ley, Tran & Zweibel 2026

00 02 04

t-q'




PIC Results: Shearing box

2. Relativistic case:

O  PIC simulation
— — NR CGL: B/By

— Numerical Integral

PIC simulation
— — NR CGL: (B/By)™2
0.5 Numerical Integral

0.00 0.25




PIC Results: Compressing box

2. Relativistic case:

O  PIC Simulation
1---- NR CGL: B/B

—— Numerical Integral |,

PIC Simulation
- NR CGL: const.
0.804" Numerical Int(‘gre'll

1.0 00 02 04

t-q.
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Applications

Extended MHD theories for relativistic collisionless plasmas (with non-relativistic

sl ﬂO_WS): _ R d P, d ( PB Wierzchucka et al.
o Anisotropic relativistic distributions. g7 (m) =0 = <n2[”(A)> w2026
o Closure relations.

Extend results from Chandra et al. 2015 for the evolution of the pressure anisotropy and
Braginskii limit in the ultrarelativistic regime:

3 2 6 — 3275 44
A= Elp(’) [M arctan (1‘3 — 1) + ¥]

2(r3 — 1)%/2 2r3(r3 —1)2

r3(10 — r?) r ro+12r —4
G= —3‘11(7) [m arctan (i* = l) = m s
PVETT

vyry=———————.69¥0—
riarctan(z/r3 — 1) +/r* —1

‘; ]
] b (eq. 108 in Chandra
_v> + O ([AP/P] ) SR



Applications

e Modified relativistic fast magnetosonic speed in Ugarov, Zhdankin & Arro 2026.
e Linearized relativistic ideal MHD system + UR double-adiabatic pressures:

k
P1 = —PoV1ix
u)

B()Bl (3]\7

- : E,B
wic — ()PL + 1 = — (“‘0(721‘11' — ly 0)

47

v 1)) r . i
'Ro)3 — 1]3/2 ar ,ICQ ]_ + ’U,124/(32
an (\/(R/Ro)3 - ]) 1 l

[(R/Ro)® — 13/ e/ R0) (B Bo ]

A R L)
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Results are Independent of plasma [ and mass ratio

Compressing Box:

kpT /mc® = 30
Ty /Ty i0
m;/me =8 1.0
m;/m. = 64
m;/m. = 1836

---- CGL: const.
—— Eqn. (4.6)

mi/m. =8
---- CGL: B/By m;/m,. = 64
— Eqn. (44) : m;/m, = 1836

0.2 0.4

THJ/TH./.U

-=== CGL: const.
—— Eqn. (4.6)

---- CGL: B/B()
— Eqn. (44)




Results are Independent of plasma [ and mass ratio

Shearing Box:

kT /mc® = 30
PL.:’/PLLU PH.//PH.I‘.U
O m;/m.=8 (@) --=- CGL: (B/By)~2
: m,/mr =064 ‘ e s —— Eqn. (2.22)
m;/m, = 1836 =

m;/me =8

---- CGL: B/B, A m,'/ln,) =064

PN 9_”@-*")”@': — Equation (2.19) m;/m, = 1836
0.0 0.2 % 0.6 0.8 1. : 0.2 P 0.6 0.8

- S t-s

Pi.i/PLm PH_,-/P”,,-_“
B =0.05 (c 7 ---- CGL: (B/B,)™
B:=0.5 W —— Equ. (2.22)

‘3,' =5

---- CGL: B/B[)
—— Eqn. (2.19) ,
0.6 0.8 il ; ? 0.6 0.8




Applications: Event-horizon scale accretion flows

Dhruv, Sironi, Davelaar, and Tran 2026: Kinetic Instabilities in Magnetically
Arrested Disks

Bio=1
Bio=2
(1+qt)* -1

Ultrarelativistic CGL prediction

1.0
Time [¢ ']

Figure C1. Time series of the electron temperature anisotropy At =T, /T,
. — 1 for a representative sample of simulations with T,/Tjp = 1 and
Ojo = 0.05, at varying 3y (colored solid lines; blue corresponds to the fiducial
simulation). The gray dashed line shows the nonrelativistic double-adiabatic
prediction, (1 + qf)2 — 1, while the black dashed line shows the
ultrarelativistic prediction for a compressing box (F. Ley et al. 2026;
A. Wierzchucka et al. 2026). The simulated anisotropy follows the
ultrarelativistic prediction until instabilities set in and drive the anisotropy
toward the marginal stability threshold.
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Conclusions

By solving homogeneous drift kinetic equation a general, time-dependent
anisotropic distribution function is obtained.

o New anisotropic Maxwell-Juttner proposed.
We have extended the double-adiabatic equations of state to ultrarelativistic
(analytical) and relativistic regimes (numerical).
Evolution of the simulation VDF agrees with newly proposed anisotropic
Maxwell-Juttner distribution.
We validate the relativistic double-adiabatic equations with continuously
driven PIC simulations of shearing and compressing boxes.

Applications and future work:
o Closures for extended MHD (with NR bulk flows)
o Relativistic instability thresholds for mirror, firehose, ion-cyclotron, whistlers, etc.
o Different initial distributions, e.g., power-law, kappa.



Bonus
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Previous works

e Gedalin 1991 and Gedalin & Oiberman 1995: Most general state
equations for a relativistic, anisotropic, collisionless plasma:

[ )
— ql =
| on \n

where ARy T A (Ml is the internal energy density,

o,
- P B
|t n BYE

e/ (07, pj) gyrotropic distribution satisfying the relativistic Vlasov equation.

e Any future attempt must obey these relations. Can we obtain one explicit
form of [JUEINEN
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L R(t
Ultrarelativistic case

If we calculate the internal energy density U:

e Ultrarelativistic Double-adiabatic
equations satisfy most general state
equations from Gedalin 1991, Gedalin
& Oiberman 1995.

e |Wierzchucka et al. 2026 also show
agreement with asymptotic limits of
Gedalin & Oibermann 1995: I




